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A family of semiconductors called as Chern band insulator are shown to host exciton bands with
non-zero topological Chern integers and chiral exciton edge modes. Using a prototypical two-band
Chern insulator model, we calculate a cross-correlation function to obtain the exciton bands and their
Chern integers. The lowest exciton band acquires Chern integers such as ±1 and ±2 in electronic
Chern insulator phase. The non-trivial topology can be experimentally observed both by non-local
optoelectronic response of exciton edge modes and by a phase shift in the cross-correlation response
due to the bulk mode. Our result suggests that magnetically doped HgTe, InAs/GaSb quantum
wells and (Bi,Sb)2Te3 thin film are promising candidates for a platform of topological excitonics.
Exciton is an electron-hole bound state in semiconduc-
tors, which plays central roles in semiconductor optoelec-
tronics. A binding energy of the exciton becomes dramat-
ically enhanced in low-dimensional semiconductors due
to quantum confinement effect [1–3]. Well-studied exam-
ples are excitons in quantum dot [4–6], wire [7, 8], carbon
nanotube [9–11] and two-dimensional materials such as
transition metal dichalcogenide (TMDC) monolayer [12–
28].
Topological excitonics in low-dimensional semiconduc-
tors [29–42] offers unique perspective in optoelectronics
and future energy-harvesting materials. A topological
exciton edge mode has an energy-momentum dispersion
within the light cone and interacts with light (Fig. 1).
Under p-n junction, such topological exciton edge modes
enable strong electroluminescence (EL) with much longer
exciton life time: the strong EL intensity is due to spa-
tially localized nature of the edge exciton wavefunction
and the longer life time can be associated with its lim-
ited decay process due to a peculiar topological protec-
tion of the modes. Unidirectional nature of topological
chiral exciton edge modes enables novel non-local opto-
electronic response. The first theoretical proposal was
made in organic semiconductors [33, 34]. Thereby, dipo-
lar interactions among Frenkel excitons play vital roles
in realization of topological excitonics like in topological
magnonics [43]. Synthetic gauge field in photon-exciton
couplings endows polaritons with non-trivial band topol-
ogy [35–37]. A bright exciton with a Dirac cone spectrum
in TMDC monolayer [23, 38–40, 44] is theoretically sug-
gested to realize topological exciton under Moire´ patterns
or moderate strains with external magnetic field [41, 42].
Chern insulator is a two-dimensional topological band
insulator with broken time reversal symmetry in which
the quantized Hall conductance is realized without ex-
ternal magnetic field [45]. The first material realiza-
tion was proposed theoretically in magnetic atoms doped
two-dimensional quantum spin Hall insulators [46–48].
Later, an experimental realization was achieved in a
thin film of magnetic topological insulator, Cr-doped
(Bi,Sb)2Te3 [49], where a magnetic field dependence of
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FIG. 1. (color online) Chiral exciton edge modes and exci-
ton bulk modes (open/periodic boundary condition in x/y-
axis). The blue and red line represent edge modes localized
at opposite boundaries (x = 0 and x = 30 respectively).
The green-color region is an electron-hole continuum due to
transitions between bulk valence and conduction bands. (a)
U = 3.31, t′ = 0.5, t = 1.5,m = 1 (“c”-point in Fig. 3). (b)
U = 3.31, t′ = 0.5, t = 1.16,m = 0.8 (“d”-point in Fig. 3).
the two-dimensional Hall conductance clearly shows the
quantized Hall conductance of ±e2/h in the zero external
field.
In this paper, we demonstrate that the Chern band
insulator provides unprecedented opportunity to explore
rich topological exciton physics. We show that a proto-
typical model for the Chern band insulator hosts exciton
bands with non-zero topological integers and topological
chiral exciton edge modes that are bright. We study a
two-band square lattice model for the Chern band in-
sulator with an inclusion of on-site Coulomb repulsion
term, to calculate a linear response function among den-
sity and pseudospin degree of freedoms. Eigenvalues of
the matrix-formed response function have a well-defined
pole below electron-hole continuum, which describes an
energy-momentum dispersion for exciton excitations in
the Chern insulator. We define topological Chern inte-
ger for the exciton bands from the corresponding eigen-
vectors. We reveal that the lowest and second lowest
exciton bands acquire a variety of non-zero Chern inte-
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2gers within a parameter region for the Chern insulator
phase. Consequently, the integer number of chiral exci-
ton modes localized in boundaries run across the band
gap between these exciton bulk bands. From their wave-
functions and dispersions, they are bright excitons. We
argue that the non-trivial band topology of the exciton
bulk bands can be directly mapped out by a measure-
ment of a phase shift of the cross-correlation encoded in
the matrix-formed response function.
The model.— The first material realization of Chern
band insulator is proposed in Mn atoms doped two-
dimensional quantum spin Hall systems such as HgTe
and InAs/GaSb quantum wells [46–48]. When ferromag-
netically ordered (magnetic moment upward), the doping
magnetic atoms induce exchange fields both in conduc-
tion electron band (s-wave band) and hole band (p-wave
band) but in an opposite direction with each other, which
renders a band inversion between the electron band with
down spin (↓) and the hole band with up spin (↑) to
be reinverted, while leaving intact the band inversion
between the other pair. This leads to a low-energy ef-
fective two-band model for the Chern insulator [50]. In
the momentum space, k ≡ (kx, ky), the kinetic energy
part of the Hamiltonian on square lattice takes a form of
H0 ≡
∑
k c
†
kHsp(k) ck with
Hsp(k) ≡ −t′ (cos kx + cos ky)σ0 + sin kx σ1
+ sin ky σ2 + (m− t (cos kx + cos ky)) σ3 (1)
and c†k ≡ (c†k,s,↑, c†k,p,↓). σa is a 2× 2 Pauli matrix com-
posed by s orbital with ↑ and p+ ≡ px + ipy orbital
with ↓. −t − t′ (< 0) and t − t′ (> 0) are the near-
est neighbor intra-orbital hopping integrals for s and p+
orbitals respectively. m is an atomic energy difference
between the two orbitals. For |m| < |2t|, an inter-orbital
hopping due to the relativistic spin-orbit interaction in-
duces a band gap, making the system to be QAH in-
sulator (Chern insulator) [50]. The inter-orbital hopping
with odd spatial parity dictates that uniform electric cur-
rents Jx and Jy contain pseudospin density components:
Jµ =
∑
k c
†
k cos kµσµck + · · · (µ = x(1), y(2)). We take
the inter-orbital hopping to be unit. As for a screened
Coulomb interaction, we consider an on-site Coulomb in-
teraction U (> 0) for simplicity:
V = 1
2
U
N2
∑
k1,k2,q,α,β
c†k1+q,αc
†
k2−q,βck2,βck1,α (2)
with α, β = 1, 2 which stand for (s, ↑) and (p, ↓) respec-
tively. N2 is total number of the square lattice sites.
Response function and Topological integer.— The
Chern integer for exciton bulk band is a central build-
ing block of topological excitonics. We define this in
connection with linear response of the system against ex-
ternal perturbations. Consider an external field Jb(rm)
which couples with the density (a = 0) and pseu-
dospin degree of freedom (a = 1, 2, 3): Oa(rj) ≡
= +
  (K) ⇧U (K)
= +
⇧U (K) ⇧0 (K)
(a+1)-th
energy 
band
a-th
energy 
band
(a-1)-th
energy 
band
Re !
Im !
 a
⇡
 1
(a)
(b)
⇡
FIG. 2. (color online) (a) Closed loop along which an integral
over complex ω is taken in Eq. (3). (b) Feynman diagrams
for the correlation function within the generalized random
phase approximation. ΠU : two-particle irreducible Green’s
function, Π0: bare polarization part.
c†rj ,α(σa)αβcrj ,β . The density and pseudospin densities
induced by the external fields are given by a linear re-
sponse function as 〈Oa(rj , t)〉 =
∫
drm
∫∞
−∞ dt
′χRab(rj −
rm, t − t′)Jb(rm, t′) with χRab(rj − rm, t − t′) ≡ −iθ(t −
t′)〈[Oa,H(rj , t),Ob,H(rm, t′)]〉. The response function in
the dual space, χRab(k, ω) ≡
∫
dtdr e−ik·r+iωtχRab(r, t), is
directly related to the optical conductivity in some cases.
For example, when bright excitons are composed mainly
by particle-hole pairs near the time-reversal symmetric
momentum points, χR11, χ
R
12 and χ
R
22 associated with these
excitons (divided by frequency ω) contribute directly to
optical conductivities, σxx, σxy and σyy respectively.
From an analogy of the quantum Hall physics [51–54],
the Chern integer for the a-th bulk exciton band (‘a’ is
an index for the bulk band) is defined by the response
function in the dual space:
Ca ≡ µν
2
∫
BZ
dk
2pi
∮
Γa
dω
2pi
Tr
[
∂χR
∂ω
∂
(
χR
)−1
∂kµ
χR
∂
(
χR
)−1
∂kν
]
,
(3)
Here an integral over ω is along a loop Γa which encom-
passes an energy region of the a-th bulk band on the real
ω axis (Fig. 2). In the dilute electron and hole density
limit [55–57], the response function can be calculated by
a generalized random phase approximation (Fig. 2),
χRab(k, ω) = χ
T
ab(k, iωn = ω + iη), (4)
χTab(K) = Π
U
ab(K) +
UΠUa0(K) Π
U
0b(K)
1− UΠU00(K)
, (5)
ΠU (K) = Π0(K)
[
14×4 +
U
2
Π0(K)
]−1
, (6)
Π0ab(K) ≡
1
β
1
N2
∑
Q
Tr
[
σag
0(Q+K)σbg
0(Q)
]
, (7)
with K ≡ (k, iωn) and Q ≡ (q, in). A 2 × 2 bare elec-
tron Green’s function g0(Q) is given by eigenvectors of
3Hsp(q), |q, j〉:
g0 (q, in) ≡
∑
j=c,v
|q, j〉〈q, j|
in − Eq,j + µ
with Hsp(q)|q, j〉 = Eq,j |q, j〉. j = c, v denotes conduc-
tion and valence band respectively. Recast in the picture
of effective single-exciton Hamiltonian [58, 59], the first
term in Eq. (5) (ladder diagrams) corresponds to the di-
rect interaction between electron and hole, while the sec-
ond term corresponds to the exchange interaction. For
simplicity of the calculation, we have considered only the
ladder diagrams.
Below the electron-hole continuum, ω < minq(Eq+k,c−
Eq,v), the response function χR(k, ω) is Hermitian and is
diagonalized by a unitary matrix, unless one of its eigen-
values has a pole. Namely,[
χR(k, ω)
]−1 |ua(k, ω)〉 = |ua(k, ω)〉La(k, ω),
where |ua(k, ω)〉 with a = 0, 1, 2, 3 form an orthonor-
mal basis for those ω with La(k, ω) 6= 0 for all a. The
eigenvalue has at most one pole for each a in the energy
region below the electron-hole continuum, ω = Ea,k with
La(k, Ea,k) = 0, which determines an energy-momentum
dispersion of the a-th exciton bulk band. Near each pole,
the response function takes an asymptotic form
χR(k, ω) = |u˜a(k)〉 Aa(k)
ω − Ea,k + iη 〈u˜a(k)|+ · · · . (8)
|u˜a(k)〉 ≡ |ua(k, Ea,k)〉 is a Bloch wavefunction for
the a-th bulk exciton band and A−1a (k) ≡ ∂La∂ω |ω=Ea,k
is the inverse of a spectral weight. Eqs. (3,8)
give the Chern integer in terms of the Berry curva-
ture defined by the Bloch wavefunction |u˜a〉: Ca ≡
1
pi
∫
dk Im
(
∂ky 〈u˜a|
)(
∂kx |u˜a〉
)
[60, 61].
Phase diagram.— For moderately large U (2 . U . 5),
the lowest and second lowest exciton bands are well sep-
arated from the electron-hole continuum. Such exciton
bands almost always take a variety of non-zero Chern in-
tegers in the Chern insulator phase region (|m| < 2|t|).
Fig. 3 shows a distribution of the Chern integer of the
lowest exciton band around U = 3 and 4. When the
integer changes from one to another, the two exciton
bands form a linear or quadratic band touching. The
transitions from +2 to 0 (labelled in Fig. 3(a)), from 0
to −2, and from −2 to −1 region are accompanied by a
quadratic band touching at Γ point, linear touching at
two M points, k = (0, pi), (pi, 0), and linear touching at
P point, k = (pi, pi), respectively.
Effective 2 × 2 Hamiltonians for these exciton band
touchings can be derived from a symmetry argument of a
Bethe-Salpeter (BS) Hamiltonian for single exciton wave-
function [63]. The BS Hamiltonian is symmetric under a
magnetic point group 4m′m′. The eigen wavefunctions of
the BS Hamiltonian at Γ and P point form an irreducible
FIG. 3. (color online) Distributions of the Chern integer of
the lowest exciton bulk band in (t,m) parameter space at
U = 3.31, t′ = 0.5 (a) and at U = 3.95, t′ = 1.0 (b). Regions
with colors (yellow, green, blue, yellow green, light blue) and
with Chern integers (+2, 0,−2,+1,−1) represent those pa-
rameter regions where the lowest exciton bulk band is well
separated from the electron-hole continuum in the whole Bril-
louin zone (BZ). In the white region, the band enters the con-
tinuum at certain points of the BZ. When the parameters are
tuned from the colored regions to the grey region, the lowest
exciton band touches the zero energy, giving rise to an exciton
condensation. The labels ‘M ’, ‘P ’ and ‘M − P ’ indicate that
the exciton condensation occours at the M , P , and points
between M and P point respectively.
corepresentation (IcREP) of 4m′m′. There are four dis-
tinct 1-dimensional IcREPs of 4m′m′ under which the
eigen wavefunction has s, d, px + ipy and px − ipy-wave
symmetry respectively. The exciton band touchings are
composed by two states belonging to distinct IcREPs.
An analysis shows that the quadratic band touching at Γ
point is composed by two odd-parity states (p+ and p−)
or two even-parity states (s and d) [63]. The linear band
touching at P point is by even and odd states (e.g. s and
p+).
For the ordinary insulator region (|m| > 2|t|), we ob-
serve only single exciton bulk band with zero Chern inte-
ger below the electron-hole continuum: being consistent
4with an ionic limit (m 2t), where the BS Hamiltonian
is completely real-valued. When U gets much larger than
the band gap (e.g. U & 5), the lowest exciton bulk band
reaches the zero energy at high symmetric points such as
M and P points, only to exhibit an exciton condensation
(Fig. 3). The resulting electronic phase for |m| < 2|t| is
another band insulator with reduced translational sym-
metry.
Nature of topological chiral exciton edge modes.— In
the region with non-zero Chern integers in Fig. 3, the re-
sponse function is calculated for the system with open
boundary condition in one direction (x) and periodic
condition in the other (y): χRab(xj , xm; ky, ω) with ky
momentum conjugate to y [63]. When an indirect gap
opens between the lowest two exciton bulk bands, the
response function acquires several new poles inside the
gap. The poles give chiral dispersions as a function of
ky, connecting the two exciton bulk bands (Fig. 1). We
observe that the number of chiral dispersions with sign
(+ for left and − for right-handed) is consistently identi-
cal to Chern integer of the lowest exciton band Z [64, 65].
The eigen wavefunctions of the response function which
correspond to these new poles are all localized at the
spatial boundaries. They have significant weights in the
pseudospin components of σ1 and σ2, representing chiral
exciton edge modes that interact with light.
The Chern band insulator has a gapless electronic edge
mode with right and left-handed chiral dispersion for
0 < m < 2t and −2t < m < 0 respectively [50]. In low-
energy region, electron-hole excitations along the elec-
tronic edge mode form an 1-dimensional collective ex-
citation (chiral phason mode) [66], which can have level
crossings with low-energy exciton edge modes. Being not
protected by symmetry, the crossings lead to level repul-
sions (Fig. 4). Thus, total number of chiral dispersions
of the low-energy edge excitons inside the indirect gap
becomes Z−1 for 0 < m < 2t and Z+1 for −2t < m < 0
instead of Z (Z also changes sign under m → −m). In
high-energy region (lower than the electron-hole contin-
uum associated with the bulk states), the electron-hole
excitations along the edge provide another continuum
due to finite curvature of the electronic edge mode disper-
sion. This edge electron-hole continuum gives a finite life
time to the chiral exciton edge modes, when they share
energy and momentum (Fig. 4).
Phase shift in the cross response function.— When the
exciton bulk band has a non-zero Chern integer, Ca 6= 0,
there always exists a momentum k0,j in the BZ at which
〈j|u˜a〉 = 0 and around which the component has a U(1)
phase winding 〈j|u˜a〉 ∝ eiθk,j with
∮
|k−k0,j |=∇kθk,j ·
dk = Z for any j = 0, 1, 2, 3 [51, 52]. The phase winding
can be directly mapped out by a phase-sensitive spectro-
scopic measurement of χR, e.g., a phase-sensitive Bril-
louin light scattering [67–69]. Thereby, an incident probe
light wave excites exciton at a-th bulk band with mo-
ww
kyky
FIG. 4. (color online) Schematic pictures of level repulsion
between chiral phason mode and exciton edge mode (left),
and chiral exciton edge mode decaying in edge electron-hole
continuum (right). Electron-hole excitations along the gapless
chiral electronic edge mode form the chiral phason mode (blue
solid line) in low-energy region and edge electron-hole contin-
uum (blue shaded region) in high-energy region. Black solid
line, black shaded region, blue region and red region stand for
chiral exciton edge mode, bulk electron-hole continuum, the
lowest and 2nd lowest exciton bulk bands respectively.
mentum k, which leads to an absorption at ω = Ea,k.
Eq. (8) dictates that the absorption spectrum in the
cross-correlation component χRjl (k, ω = Ea,k) (j 6= l) ac-
quires a phase shift of ∆θk ≡ θk,j − θk,l with 〈l|u˜a〉 ∝
eiθk,l . When k goes around the boundary of an area S
in the k space that encloses k0,j , the phase shift shows a
U(1) phase holonomy of 2piZ. The phase holonomy is de-
termined only by the number of the vortex of θk,j within
the area S minus that of θk,l.
Conclusion.— A prototypical Chern insulator model
with an on-site Coulomb interaction hosts exciton bands
with non-zero topological Chern integers such as ±1 and
±2 in the Chern insulator phase, with consequent chiral
exciton edge modes. The chiral exciton edge mode may
have level repulsion with chiral edge phason mode in low
energy region, while short-wavelength exciton edge mode
can be damped into edge electron-hole excitations only
in a small region of its wavelength. The non-trivial band
topology can also be observed from a phase shift in the
cross-correlation response by a phase-sensitive spectro-
scopic measurement. The Chern insulator in magnetic
topological insulator thin film [49, 70] can be described
by the same low-energy effective continuous model of
Eq. (1) [71], therefore can host qualitatively similar chi-
ral topological excitons as in this paper. Our results also
suggest that other quantum anomalous Hall insulators
such as ferromagnetic graphene under YIG [72] are also
potential candidates for seeking topological excitons.
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7Supplemental Material
EFFECTIVE HAMILTONIANS FOR EXCITON
BAND TOUCHINGS
Γ and P Points
Effective Hamiltonians for the exciton band touchings
at high symmetric points can be derived from a symmetry
analysis on an effective equation of motion for a single
exciton (BS equation) [1, 2]. We begin with an exciton
creation operator:
b†a,k ≡
∑
q
φa (q,k) f
†
q+k2 ,c
fq−k2 ,v (9)
where f†q,j denotes a creation operator for conduction
band electron (j = c) or valence band electron (j = v).
φa(q,k) is an eigen wavefunction of the Bethe-Salpeter
equation. For Eqs. (1,2) in the main text, the eigenvalue
problem takes a form of∑
q′
K(q, q′;k)φa(q′,k) = Ea,kφa(q,k), (10)
K(q, q′;k) = δq,q′(Eq+k/2,c − Eq−k/2,v)
+
U
N2
〈
q +
k
2
, c
∣∣q − k
2
, v
〉〈
q′ − k
2
, v
∣∣q′ + k
2
, c
〉
− U
N2
〈
q +
k
2
, c
∣∣q′ + k
2
, c
〉〈
q′ − k
2
, v
∣∣q − k
2
, v
〉
. (11)
Here |q, j〉 and Eq,j are an eigenvector and eigenvalue of
the non-interacting Hamiltonian Hsp(q). The Hamilto-
nian is symmetric under a magnetic point group 4m′m′ =
{E,C4, C24 , C−14 , σxT, σyT, σXT, σY T}, with a 4-fold ro-
tation around z-axis C4, a mirror with respect to µz plane
σµ and time-reversal T . Since the interaction part re-
spects the symmetry, the BS Hamiltonian K(q, q′;k) is
also symmetric under 4m′m′, e.g.,
K(q, q′;k) = K(C4(q), C4(q′);C4(k)),
K∗(q, q′;k) = K(−σx(q),−σx(q′);−σx(k)).
Eigen wavefunctions of the BS Hamiltonian at Γ and
P points form an irreducible corepresentation (IcREP)
of 4m′m′. There are four distinct 1-dimensional IcREPs
of 4m′m′. They are A, B, E1, and E2 [3], in which
the eigen wavefunction φa(q,k) is transformed with s, d,
px+ipy and px−ipy-wave symmetry under the symmetry
operation on q (and k) respectively (see Table I), e.g.,
φE1(C
−1
4 (q),k = 0) = (+i)φE1(q,k = 0),
φ∗E1(−σX(q),k = 0) = (+i)φE1(q,k = 0).
The exciton band touchings at the highest symmetric
points are composed by those two eigen wavefunctions
belonging to distinct IcREPs: any level crossings between
TABLE I. character table of 4m′m′
E C14 C
2
4 C
−1
4 σxT σyT σXT σY T
A 1 1 1 1 1 1 1 1
B 1 −1 1 −1 1 1 −1 −1
E1 1 +i −1 −i 1 −1 +i −i
E2 1 −i −1 +i 1 −1 −i +i
two eigenstates that belong to a same IcREP are gener-
ally lifted by symmetry-allowed terms, thus they are not
stable band touchings.
A form of the effective 2 × 2 Hamiltonian formed by
a pair of two distinct IcREPs is determined by the sym-
metry. As an example, consider that E1 (p+) and E2
(p−) states form a band touching at Γ point and Xm = 0
(Xm is a model parameter such as m and t in Fig. 3 in
the main text). By the k · p perturbation theory, the
BS Hamiltonian gives out a 2 × 2 effective Hamiltonian
around this degeneracy point:
[H2×2eff (k, Xm)]i,j ≡
∑
q,q′
φ0i
∗
(q)K(q, q′;k, Xm)φ0j (q
′),
(12)
(i, j = E1, E2). Here φ
0
j (q) is an eigenstate of the BS
Hamiltonian at k = 0 and Xm = 0:∑
q′
K(q, q′;k = 0, Xm = 0)φ0j (q
′) = E0 φ0j (q)
with j = E1, E2. From the Hellmann-Feynman theorem,
the effective Hamiltonian at k = 0 with small Xm is
diagonal:
H2×2eff (k, Xm) = (E0 + a+Xm)τ0 + a−Xmτ3 +O(X2m),
(13)
with 2a± = aE1 ± aE2 and aj ≡ 〈φ0j |(∂XmK)|Xm=0|φ0j 〉.
The k-dependence of the Hamiltonian is constrained by
the symmetries of E1 and E2 states (Table I),
H2×2eff
∗
(−σX(k), Xm) = H2×2eff
∗
(−σY (k), Xm)
= H2×2eff (C
±
4 (k), Xm) = τ3H
2×2
eff (k, Xm) τ3, (14)
and
H2×2eff
∗
(−σx(y)(k), Xm) = H2×2eff (C24 (k), Xm)
= H2×2eff (k, Xm). (15)
These relations in combination with Eq. (13) lead to
H2×2eff (k, Xm) = (E0 + a+Xm + a0k
2)τ0 + a−Xmτ3
+ a1(k
2
x − k2y)τ1 + a2kxkyτ2
+ a3k
2τ3 +O(X2m,k3). (16)
8The same form also applies to the quadratic band touch-
ing formed by A (s) and B (d) states. One can have
another symmetry-allowed form for exciton band touch-
ings composed by other pairs. For A and E2 states (and
also for E1 and B states), the band touching takes a form
of
H2×2eff (k, Xm) = (E0 + b+Xm)τ0 + b−Xmτ3
+ bkxτ2 + bkyτ1 +O(X2m,k2). (17)
M point
The effective Hamiltonian for band touching at M
points can be derived in the same way. Consider M =
(pi, 0), whose group under which the BS Hamiltonian is
invariant at this point is m′m′2 (a subgroup of 4m′m′):
m′m′2 = {E,C24 , σxT, σyT}. There are two distinct 1-
dimensional IcREPs of m′m′2 (see Table. II). They are
A and B, [3] in which eigenstates of the BS Hamilto-
nian at k = (pi, 0) is transformed with s and px-wave
symmetry respectively. From the character table, the
k-dependence of the effective Hamiltonian for this band
touching is constrained as follows:
H2×2eff (C2(k)) = H
2×2
eff
∗
(−σy(k)) = τ3H2×2eff (k) τ3,
H2×2eff
∗
(−σx(k)) = H2×2eff (k).
This leads to
H2×2eff (k, Xm) = (E0 + c+Xm)τ0 + c−Xmτ3
+ c1kxτ2 + c2kyτ1 +O(X2m,k2). (18)
TABLE II. character table of m′m′2
E C24 σxT σyT
A 1 1 1 1
B 1 −1 1 −1
THE RESPONSE FUNCTION FOR THE SYSTEM
WITH OPEN BOUNDARY CONDITION
In the region with non-zero Chern integers in Fig. 3
in the main text, we calculate the response function for
the system with open/periodic boundary condition in one
(x)/the other (y) direction, to enumerate all possible col-
lective excitations including edge and bulk modes. The
formulation given below enables us to qualitatively dis-
cuss how gapless electronic edge mode affects the exci-
ton edge modes. We begin with the interacting elec-
tron Hamiltonian with open boundary condition in x,
H = H0 + V with H0 =
∑
ky
c†kyHsp(ky)cky and
V = U
2N
∑
k1,y,k2,y,qy,α,β
N∑
x=1
c†k1,y+qy,x,αc
†
k2,y−qy,x,βck2,y,x,βck1,y,x,α.
Here c†ky takes a 2N -component vector form,
c†ky ≡
(
c†ky,N,s↑ c
†
ky,N,p↓ · · · c
†
ky,1,s↑ c
†
ky,1,p↓
)
,
where
c†ky,x,α =
1√
N
N∑
y=1
eikyyc†r,α, (19)
with r ≡ (x, y), x = 1, 2, · · · , N and α = s ↑, p ↓.
Hsp(ky) is a 2N × 2N Hermitian matrix, which is a
Fourier transform of a tight-binding sp model in the real
space with open/periodic boundary in x/y direction.
The generalized random phase approximation [4, 5]
gives the response function χR(rj , tj ; rm, tm) ≡ −iθ(tj −
tm)〈[OH(rj , tj),OH(rm, tm)]〉. The Fourier transform of
the response function in the y coordinate and time takes
a 4N × 4N matrix form,
χRab(xj , xm; ky, ω) ≡
∫
d(tj − tm)
∫
d(yj − ym)e−iky(yj−ym)+iω(tj−tm)χRab(rj , tj ; rm, tm) = χTab(xj , xm; ky, iωn = ω + iη)
χTab(ky, iωn) = Π
U
ab(ky, iωn) + UΠ
U
a0(ky, iωn)
[
1N×N − UΠU00(ky, iωn)
]−1
ΠU0b(ky, iωn) (20)
ΠU (ky, iωn) ≡ Π0(ky, iωn)
[
14N×4N +
U
2
Π0(ky, iωn)
]−1
, (21)
with N ×N matrix χTab(ky, iωn) as [χTab(ky, iωn)](xj ,xm) ≡ χTab(xj , xm; ky, iωn) (xj , xm = 1, · · · , N). N ×N matrices
9ΠUab(ky, iωn) and Π
0
ab(ky, iωn) (a, b = 0, 1, 2, 3) comprise 4N ×4N matrices ΠU (ky, iωn) and Π0(ky, iωn) respectively,
[ΠU (ky, iωn)](a,b) ≡ ΠUab(ky, iωn),
[Π0(ky, iωn)](a,b) ≡ Π0ab(ky, iωn).
A bare polarization function Π0(ky, iωn) is given by single-particle electron eigenstates of Hsp(ky):
[Π0ab(ky, iωn)](xj ,xm) ≡
1
β
1
N
∑
qy
∑
in
∑
t,s
∑
α,β,γ,δ
[σa]αβ [σb]γδ
〈xj , β|ky + qy, t〉〈ky + qy, t|xm, γ〉
i(n + ωn)− Eky+qy,t + µ
〈xm, δ|qy, s〉〈qy, s|xj , α〉
in − Eqy,s + µ
=
1
N
∑
qy
∑
t,s
∑
α,β,γ,δ
nF (Eky+qy,t)− nF (Eqy,s)
−iωn + (Eky+qy,t − Eqy,s)
[σa]αβ [σb]γδ
× 〈xj , β|ky + qy, t〉〈ky + qy, t|xm, γ〉〈xm, δ|qy, s〉〈qy, s|xj , α〉 (22)
nF (E) denotes the Fermi distribution function. In the following, we assume T = 0. |ky, t〉 and Eky,t are the single-
particle eigenstate and eigenenergy of Hsp(ky). This includes both bulk (‘t = b’) and edge states (‘t = e’).
We decompose the bare polarization function into three parts, depending on whether the polarization is induced
by bulk states or edge states:
Π0(ky, iωn) = Π
0,(b,b)(ky, iωn) + Π
0,(b,e)(ky, iωn) + Π
0,(e,e)(ky, iωn). (23)
Namely, in Π0,(b,b), the summations over the single-
particle states in Eq. (22) (the summations over ‘s’ and
‘t’ in Eq. (22)) are over the bulk states. In Π0,(e,e), the
summations are only over the edge states. In Π0,(b,e), the
summation over the particle states (‘t’ in Eq. (22)) is over
the bulk (edge) states, if that over the hole states (‘s’ in
Eq. (22)) is taken over the edge (bulk) states. For given
ky, the number of the bulk states is much larger than
that of the edge states. Therefore, Π0,(b,b) has a major
contribution to Π0. Π0,(b,e) and Π0,(e,e) have secondary
roles, which we will discuss later.
For ω below the electron-hole continuum of the bulk
states, Π0,(b,b)(ky, ω) is a Hermitian matrix. Π
U (or χR)
made only out of such Π0,(b,b) by Eqs. (21,20) can be
diagonalized by a unitary matrix, unless one of its eigen-
values has a pole. Namely,[
ΠU (ky, ω)
]−1 |va(ky, ω)〉 = |va(ky, ω)〉LDa (ky, ω)(24)
where |va(ky, ω)〉 with a = 1, · · · , 4N form an orthonor-
mal basis for those ω with LDa (ky, ω) 6= 0 for any a. Like
in the bulk calculation (see main text), each eigenvalue
has at most one pole below the electron-hole continuum
of the bulk states. The pole is determined by the zero of
the eigenvalue: LDa (ky, Ea,ky ) = 0. Ea,ky gives an energy-
momentum dispersion of exciton states with a given mo-
mentum ky. Such exciton states inlcude both bulk exci-
ton states and edge exciton states.
Firstly, we confirm that exciton states thus obtained
completely reproduce the lowest two exciton bulk bands
obtained from the calculation with periodic boundary
conditions both in x and y direction (main text). Be-
sides, we observe that, when an indirect band gap opens
between the lowest two exciton bulk bands, new exci-
ton states appear inside the gap. Eigenvalues (Ea,ky ) for
these in-gap exciton states form chiral energy-momentum
dispersions as a function of ky, connecting the two exci-
ton bulk bands (Fig. 1 in the main text). The num-
ber of the chiral dispersions inside the gap including its
sign turns out to be identical to the Chern integer of
the lowest exciton bulk band. The eigen wavefunctions
(|v˜a(ky)〉 ≡ |va(ky, ω = Ea,ky )〉) which correspond to
these in-gap exciton states, are spatially localized at the
boundaries, having weight in the pseudospin component
of σ1 and σ2 (Fig. 5). These observations justify the pres-
ence of the chiral exciton edge modes of the topological
origin in sp model with short-range Coulomb interaction,
which interact with light.
Let us next discuss effects of Π0,(b,e) and Π0,(e,e). The
electronic edge mode is gapless, so that these two have
both Hermitian and anti-Hermitian parts. Nonetheless,
any matrix element of the anti-Hermitian part of Π0,(b,e)
is negligibly small in the thermodynamic limit. Namely,
the bulk states are extended in space, so that an inte-
grand in Eq. (22) for Π0,(b,e) is at most on the order of
1/N , i.e.,
〈xj , β|ky + qy, t = b〉〈ky + qy, t = b|xm, γ〉
× 〈xm, δ|qy, s = e〉〈qy, s = e|xj , α〉 < O
( 1
N
)
. (25)
(‘t = b’ and ‘s = e’ means that the single-particle state
for t is from the bulk states and that for s is from the edge
state). Meanwhile, matrix elements of an anti-Hermitian
part of Π0,(e,e), which are also spatially localized at the
boundaries, are on the order of 1.
The effect of Π0,(e,e)(ky, ω) is two-folded, depending
on an energy region ω. In low-energy region, the Hermi-
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FIG. 5. (color online) Real (blue) and imaginary (red) parts
in spin 1 (σ1), 2 (σ2), 3 (σ3) and density (σ0) components of
eigen wavefunctions (|v˜a(ky)〉 ≡ |va(ky, Ea,ky )〉) which corre-
spond to those in-gap exciton states at ky = 0.13pi in Fig. 1 in
the main text (ingap states with blue color chiral dispersion).
They are plotted as a function of the spatial coordinate x.
x = 0 and x = 30 correspond to the left-hand-side and right-
hand-side spatial boundary. The upper four are for Fig. 1(a)
and the lower four are for Fig. 1(b) in the main text.
tian part of Π0,(e,e) leads to the one-dimensional chiral
phason mode. Being a well-defined low-energy collective
bosonic excitation, the phason mode has a level crossing
(and consequently level repulsion) with low-energy chi-
ral exciton edge modes (Fig. 4 in the main text). The
level repulsion changes total number of low-energy chi-
ral dispersions of edge excitons which go across the indi-
rect gap between the lowest two exciton bulk bands. For
0 < m < 2t (−2t < m < 0), total number of the chiral
dispersions becomes Z− 1 (Z+ 1) instead of Z, where Z
is the Chern integer of the lowest bulk exciton band.
In high-energy region, the anti-Hermitian part of
Π0,(e,e) results in a finite region of an edge electron-hole
continuum. The electronic edge mode in the high energy
region generally has a curvature in its energy-momentum
dispersion. Electron-hole excitations along such elec-
tronic edge mode form a finite region of a new electron-
hole continuum (below the electron-hole continuum of
the bulk states). When the chiral exciton edge modes
share energy and momentum with the edge electron-hole
continuum, they acquire a finite life time (Fig. 4 in the
main text).
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